Abstract In this paper, we use previously developed exact solutions to present some of the curious features of a force-free magnetosphere in a Kerr background. More precisely, we obtain a hitherto unseen timelike current in the force-free magnetosphere that does not flow along a geodesic. The electromagnetic field in this case happens to be magnetically dominated. Changing the sign of a single parameter in our solutions generates a spacelike current that creates an electromagnetic field that is electrically dominated.
equations of electrodynamics in terms of "frame-dependent" electric and magnetic vector fields in order to bring in familiarity and intuition from classical electrodynamics.
Motivated by theoretical concerns, recent efforts in GRMHD include the work of Eric Gourgoulhon et. al. [4] in which they rewrite astrophysically relevant quantities in a coordinate independent formalism. In [5] , Gralla and Jacobson, present the current theoretical status of force-free electrodynamics which includes a concise discussion of all the known exact solutions. Astrophysical relevance of force-free electrodynamics has also been recently discussed by Okamoto [6] .
A class of exact solutions to the Blandford and Znajek set of equations describing the force-free magnetosphere of the Kerr spacetime were derived by Menon and Dermer in [7] . This solution satisfied the Znajek regularity condition at the event horizon ( [8] ). This in turn made the solution well defined at the event horizon of the Kerr solution. While mathematically correct, the physical relevancy of the solution remaines elusive. Here, the current vector was proportional to the infalling principal null geodesic of the Kerr geometry. Naturally, the physical currents required a timelike decomposition of the net current vector. We presented one such possible decomposition in a subsequent paper ( [9] ). While constructing this decomposition, we had a Blandford and Znajek energy extraction process in mind that was ultimately facilitated by a large scale Penrose type process. Here we were looking at extraction of energy using matter currents in addition to the electromagnetic Poynting flux. This required a net infalling current in the interior geometry and an outgoing current in the exterior geometry. To facilitate this, we showed that for every infalling solution, there exists an outgoing solution( [9] ). Both these solutions had the following properties: the net current was along a null geodesic vector, and the electromagnetic field was itself null in the sense that B
2 − E 2 = 0. There is a history of null current force-free solutions in various spacetime backgrounds. The flatspace monopole solution of [10] , and its generalization in a Schwarzschild background are all generated by a null current vector ( [1] ). Motivated by our exact class of solutions and the solutions listed above, Brennan et. al. ([11] ) recently considered the force-free magnetosphere in a Kerr background when the current vector was proportional to the principal null geodesics of the Kerr geometry. What resulted was a sweeping generalization of all the solutions mentioned above. Their solution extended to the time dependent, non-axisymmetric case as well. Here too the current vector (by design) and the electromagnetic fields were null except for when in a Schwarzschild background a magnetic monopole was present in which case the electromagnetic field was magnetically dominated in the sense that B 2 − E 2 > 0. In this paper, using a simple generalization of the previously obtained results, we will point out some of the curiosities of the force-free magnetosphere. We will continue to work in a Kerr background. It is not clear how one can (uniquely) decompose the previously mentioned null current solutions into actual worldlines of charged particles. With this is mind, we seek to construct a current vector that is timelike in character. Here, we were only partially successful in that the class of solution are not valid everywhere even in the exterior geometry of the Kerr Black hole. As we shall show, this new solution is strictly not valid on the symmetry axis of the Black hole. However, this timelike force-free current has an unexpected feature in that it does not flow along a geodesic. In fact, the current vector does not even trace out a pre-geodesic.
Our new solution is nothing more than a linear combination of the previously obtained infalling and out-going solutions. We begin our analysis by describing these solutions.
The In-falling Solution
The calculational details of this infalling solution is given in [7] . Here, we simply state the results. Please note that the function Λ that is used here is scaled differently from the original paper. They are related by the transformation:
The components of the electromagnetic fields in the Boyer-Lindquist coordinate system of the Kerr geometry are given by
and
The definitions of the quantities listed above are explained in [7] and [12] . The general subscripts 1, 2, 3 in the Maxwell tensor corresponds to r, θ, ϕ respectively in our case. Here Λ is an arbitrary function of θ. The current vector here is given by
where n is the infalling principle null geodesic of the Kerr geometry:
The superscript "in" refers to the fact the these field quantities describe an infalling current. Transforming the Maxwell tensor F in µν into the Kerr-Schild coordinate system, we see that
Thus we see that the fields and currents are well defined on the event horizon r = r + as well. This is necessarily so since we had insisted on the Znajek regularity condition given by eq.(51) in the derivation of our solution ( [7] ).
The Out-going Solution
In this case, the electromagnetic field quantities are given by
Notice the extra minus sign in the expression for B out ϕ . This small change is sufficient to modify the current vector to
Here l is the principle outgoing null geodesic of the Kerr geometry given by
The out-going solution allows for the extraction of energy via the electromagnetic Poynting flux from the black hole. Here the rate of energy extraction is given byĖ
Transforming the Maxwell tensor F out µν into the Kerr-Schild coordinate system, we see that
Unlike in the infalling case, however, since these solution do not satisfy the Znajek regularity condition, here F out rθ = 0, instead
is not valid at the horizon.
Timelike Currents In The Force-Free Magnetosphere
Since Maxwell's equations are linear in a fixed curved background, we create a new solution by forming a linear combination of the two solutions given above in hopes of creating a timelike current in the black hole magnetosphere. Accordingly, we now set
This is consistent with the current 4 vector
Since the only non-vanishing component of the electric field is E θ , once again from the above expression for the current density vector, we find that
The other requirement of the force-free magnetosphere is given by
In our case we have that
The above expression for the force-free condition is only non-trivial along the θ component. Therefore, we now require that
Substituting in expressions for the fields and currents, we get
This reduces to d dθ ΛΛ = 0 which is easily solved to give ΛΛ = k .
Here k is an integration constant. Obviously, when k = 0 we revert to one of the previous cases. From eq.(27) we get that
The force-free condition given by eq. (28) implies that
Therefore, we get that
k > 0 makes the current density vector given by eq.(27) spacelike, however, when k < 0, we have a timelike current vector field, and it now becomes a candidate for actual charge carrying particles. It is important to note that eq.(27) is regular at the event horizon if and only ifΛ = 0. I.e., the generalizations we are now constructing is valid only in the exterior geometry. Eq.(27) is conveniently rewritten as
where
is the normalized timelike vector field when k < 0. In this case, u is also future pointing. u outgoing when
Despite being force-free, it is important to note that these currents are not flowing through geodesic curves (or even pre-geodesic curves):
There is no mathematical inconsistency here since force-free simply means that F µν I ν = 0. Nevertheless, the existence such future pointing, albeit local (as we shall see) timelike force-free currents that do not flow along geodesics is at the very least curious. Perhaps the true physical content of the force-free condition for a fluid is still unclear within the context of a curved spacetime.
The magnetosphere here is indeed magnetically dominated. A quick calculation reveals that
Note that −k > 0, and for r > r + > a we have that Σ 2 − ∆a 2 sin 2 θ > 0. The radial component of the magnetic field, at large distances does indeed fall off like a monopole term:
But this we have come to expect in spacetime with singularities.
Calculation At The Poles
We have hinted that our solution might have difficulties along the symmetry axis of the black hole. We shall clarify this point in this section. The transformation of the Maxwell tensor from the Kerr-Schild coordinates to a coordinate system that is valid along the poles can be accomplished using the results from section A.3. Upon completing the necessary transformations, one finds that barring accidental cancelations in specific solutions, if the Maxwell tensor has to be well defined along the symmetry axis of the external Kerr geometry, then Ftr, Ftθ, Frθ and Ftφ/ sin θ, Frφ/ sin θ, Fθφ/ sin θ have to be well defined along the poles (θ = 0, π). In our case, this becomes problematic since the above requirements implies the finiteness of Λ +Λ, (Λ +Λ)/ sin θ,Λ/ sin θ at the poles. In particular, we must have that
This is certainly impossible considering eq. (29) and the timelike vector field in eq. (31). While there is a formal divergence in the components of the Maxwell tensor along the poles, the observable quantities like the rate of energy and angular momentum extraction can remain finite for suitable choices of Λ. In particular setting k = 1 and Λ 2 = cos θ/2 when 0 ≤ θ ≤ π/2 and Λ 2 = cos(π/2 − θ/2) when π/2 ≤ θ ≤ π gives the rate of energy extraction via the electromagnetic Poynting flux bẏ
, and the rate of angular momentum extraction is given bẏ
Conclusion
The (modest) catalog of previously existing analytical solutions to the forcefree magnetosphere in a Kerr background have featured two consistent properties: The net current vector is null, and additionally, the electromagnetic field is null as well. By this we mean that B 2 − E 2 = 0. This work focusses on relaxing exactly these two above mentioned, albeit un-imposed restrictions. We have been successful in creating a net timelike current that does not flow along a geodesic even in a force-free magnetosphere. As expected, the electromagnetic field here is magnetically dominated. It is worth mentioning in passing that a spacelike current is equally easy to obtain. This is easily accomplished by setting k > 0. From eq. (32), we see that the electromagnetic field becomes electrically dominated in the presence of a spacelike net current vector.
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A Kerr Geometry Essentials
For completeness, we define the various Kerr coordinates used. For asymptotic analysis, the Boyer-Lindquist coordinates are preferred, while the horizon and the interior region (r ≤ r + ) are analyzed using the usual Kerr-Schild coordinate system. The symmetry axis is analyzed using a Cartesian type coordinate system.
A.1 Boyer-Lindquist Coordinates
In the Boyer-Lindquist coordinates {t, r, θ, ϕ} of the Kerr geometry, the metric takes the form
where the metric coefficients are given by
Here,
The parameters M and a are the mass and angular momentum per unit mass respectively of the Kerr black hole. The horizons H ± are located at
A.2 Kerr-Schild Coordinates
Kerr-Schild coordinates are given by the transformation
In this frame, the metric becomes
where z = 2M r/ρ 2 . We pick our time orientation for the Kerr geometry such that the null vector field −∂r is future pointing everywhere.
A.3 The Kerr Symmetry-Axis
For the case of Minkowski spacetime, the polar singularity of the spherical coordinate system is removed by going to the cartesian coordinate system (although usually, the cartesian coordinate system is the natural starting point). The coordinate singularity along the Kerr poles can similarly be eliminated by a "cartesian" like coordinate system as well. The new coordinates are labeled T, X, Y, Z. This is accomplished by the following transformations: X = (r cosφ − a sinφ) sinθ , Y = (r sinφ + a cosφ) sinθ , Z =r cosθ and T =t −r .
B Equations Of Electrodynamics In Stationary Spacetimes
We only state the relevant equations of electrodynamics of stationary spacetimes. For a detail development, see [13] . Maxwell's equations can be written as
Here F αβ is the Maxwell stress tensor, I α is the four vector of the electric current and ∇ is the covariant derivative of the geometry. ⋆ F is the two form defined by
Here, ǫ αβµν is the completely antisymmetric Levi-Civita tensor density of spacetime such that ǫ 0123 = √ −g = α √ γ. In the 3+1 formalism, where ∂ 0 is the asymptotically stationary timelike killing vector field, E and B are defined so that
We also define dual vectors D and
Naturally, F and ⋆ F are not independent. They are related by
where ǫ ijk is the Levi-civita tensor of our absolute space defined x 0 = constant. Also, β is the shift dual vector given by β = βϕ dϕ. Naturally, the spatial coordiantes are given by (x 1 , x 2 , x 3 ), and three vectors E, B, D, H live in this absolute space. Now, Maxwell's equations can be re-written as∇ · B = 0 ,
∂tB +∇ × E = 0 ,
where ρc = αI t and J k = αI k . Here ρc is the charge density and J is the electric 3-current. ∇ is the covariant of the 3 space with the induced metric. The force-free condition that we will enforce is Fνα I α = 0 .
This condition takes the form E · J = 0
and ρcE + J × B = 0.
For the case of a stationary, axis-symmetric, force-free magnetosphere, it is easy to show that there exists ω = Ω ∂ϕ such that
Additionally, [8] showed that Hϕ r + = sin 2 θ α B r (2M r Ω − a)
is the required condition in the Boyer-Lindquist coordinates that the otherwise bounded fields must satisfy so that they continue to be well defined in the Kerr-Schild coordinates at the event horizon. Eq.(51) is referred to as the Znajek regularity condition. The rate of electromagnetic extraction of energy from the force free magnetosphere is given by
where S i = (−α T i t). Using the Znajek regularity condition we get that
which is indeed positive when 0 < Ω < Ω H .
